AN INVERSE PROBLEM OF THE FLUX 
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Abstract. For a complete minimal surface in the Euclidean 3-space, the 
so-called flux vector corresponds to each end. The flux vectors are balanced, 
i.e., the sum of those over all ends are zero. Consider the following inverse 
problem: For each balanced n vectors, find an n-end catenoid which attains 
given vectors as flux. Here, an n-end catenoid is a complete minimal surface 
of genus with ends asymptotic to the catenoids. In this paper, the problem 
is reduced to solving algebraic equation. Using this reduction, it is shown 
that, when n — A, the inverse problem for 4-end catenoid has solutions for 
almost all balanced 4 vectors. Further obstructions for n-end catenoids with 
parallel flux vectors are also discussed. 
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1. Introduction 



An n-end catenoid is a complete immersed minimal surface of finite total 
curvature which has zero genus and n catenoid ends. It is considered as a 
conformal immersion x: C \ {gi, . . . R^, where C := C U {oo} and 

Qi, ■ ■ ■ ,<ln € C. Jorge-Meeks surfaces ||JM|| are typical ones. Recently, new 



examples of n-end catenoids have been found by |[Kar[ , | [L2|| , | pCu| |, i piossl 
li.oss2|| , [ [Kat|| and ||U Y|| . They contain examples with dihedral or Platonic 



symmetry groups. We also remark that for special classes of minimal surfaces 
with catenoid or flat ends, some systematic approach has been known (see 
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by 



In each end qj (j 



, n) of an n-end catenoid, the flux vector is defined 



fids. 



7j 



where 7^ is a curve surrounding qj from the left and n the conormal such 
that (7j, n) is positively oriented. Each fiux vector ipj is proportional to the 
limit normal vector //(g^) with respect to the end qj and the scalar w{qj) := 
Lfj / 4:TTv{qj) is called the weight of the end qj. It is well known that the fiux 
vectors satisfy a "balancing" condition so called the flux formula 



j=i i=i 



0. 



It should be remarked that w{qj) may take a negative value. 

Therefore, we consider an inverse problem of the fiux formula as follows: 



Problem. For given unit vectors {vi, . . . in R'^, and nonzero real num- 
bers {ai, . . . , On} satisfying I]^=i (^jf^j = 0, is there an n-end catenoid x: C \ 



R'^ such that i^iqj] 



and Oj is the weight at the end qj 



.? 



We remark that Kusner also proposed a similar question (see |[Rosslj] ). By 



the classification of Barbanel |Pa|| and Lopez |]L^] , we can see that the answer 
for < 3 is "Yes" except for the case when two of {vj}^^^ coincide. For 
n > 4, the first author ||Kat|| gave an explicit formula for existence of an n-end 
catenoid with prescribed fiux when C \ {gi, . . . , g„} is conformally equivalent 
to the image of its Gauss map \ {f 1, . . . , 

and show some ex- 



In this paper, we will generalize the formula in |Kat 



istence and non-existence results on the problem. In Section 
following: 



we get the 



0, 



Theorem A (Theorem |2.4| ). For any pair {v , a) of unit vectors v = {vi, 
Vn} in R^ and nonzero real numbers a = {oi, . . . , a„} satisfying Y^^=i o-j^^j = 
there is an evenly branched n-end catenoid x: C\ {qi, . . . , g^} —>■ R^ {qj 7^ 00) 
such that the induced metric is complete at the end qj, v{qj) = vj and aj is the 
weight at the end qj (j = 1, . . . ,n), if and only if there exist complex numbers 
bi, . . . ,bn satisfying the following conditions: 



where pj 
Pj ^ 00. 



(TiVi 



, , Pk-Pj 
fc=i Qk — 

, A , PjPk + 1 „ 

bjl^h- = 



(j = 1,... ,n). 



fe=i Qk - qj 

kit] 



a 



C is the stereographic projection, and we assume 
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Moreover, the immersion x has no branch points if and only if the resultant 
'${P{z),Q{z)) of the polynomials P (z) and Q{z) {defined by (2.13) and (2.12)) 
does not vanish. 

We note here that the flux formula holds even if the surface allows branch 



points (see Remark 2.9). 

In the case when an n-end catenoid has the same symmetry as its flux data, 
the construction is reduced to a routine work by virtue of our theorem, and 
one can construct all of the known examples 
RS^ , [ig, jug 



etc. 



cf. IK^l, p 
and far more new examples (cf. ||KU Y2|| ), 



Rossi 



We also remark here that an n-end catenoid does not always have the sym- 
metry of its flux data. In fact, there exists a flux data {v, a) such that any 
corresponding surface does not have the same symmetry as {v, a) (see Example 
Qiii)). 

On the other hand, for a certain flux data, there are no n-end catenoids 
realizing it. Indeed, there are no n-end catenoids with the flux data {v, a) 
satisfying one of the following conditions: 

(1) Vi = V2 = Vs = ■ ■ ■ = Vn\ 

(2) -Vx = -V2 = V'i = ---= Vn, 

(3) -vi = V2 = ■ ■ ■ = Vn and J2]Z2 ELj+i 0; 

(4) (n = 4) —vi = t>2 and = f 4 7^ ±fi. 

The first condition is well-known, and the third condition follows from the 
genus zero case of the second compatibility condition in [Per|| . The fourth 



condition is new. These four obstructions are easily obtained as a corollary of 
Theorem A. 



It is interesting to observe that, when the equality I]j=2 S 



k=j+l ^3 



Q-jO-k 







holds in (3) above, n-end catenoids which allow the deformation described by 
Lopez- Ros |P^R|| can be constructed (see Examples |477|j47^ and ^l9|) . 

In spite of the above non-existence results, it seems that generic flux data 
are free of additional obstructions. We demonstrate it for n = 4, and get the 
following: 



Theorem B (Theorems |3.3| and |3.6|) . For almost all pair {v,a) of unit 
vectors v = {vi,V2, v^, V4} in and nonzero real numbers a = {oi, 02, a^, 04} 
satisfying Z])=i c^i'^i = 0, there is a (non-branched) A-end catenoid x: C\ 
{gi, g2, Q'4} such that ^{qj) = Vj and aj is the weight at the end qj 

(j = 1,2,3,4), where v is the Gauss map of x. Moreover, the number of such 
X is at most 4 up to rigid motions in R'^. In particular, there exist A-end 
catenoids with no symmetric properties. 

We remark here that n = 4 is the smallest number such that n-end catenoids 
have various conformal structures and that there exist mutually non-congruent 
n-end catenoids with the same flux data. Indeed, the upper estimate in the 
theorem above is sharp (see Example p.7| and Figure |3.2| ). 

To prove the first part of Theorem we give an explicit algorithm to 
construct 4-end catenoids with the prescribed flux by reducing it to solve a 
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certain algebraic equation of degree 4. However, to treat the case when n > 5, 
we shall have to do more complicated analysis (cf. ||K U Y l|j ) . 

The authors are very grateful to Dr. Wayne Rossman for valuable discus- 
sions and encouragements. They also thank to Prof. Osamu Kobayashi and 
Dr. Shin Nayatani for useful comments. 

2. Reduction of the problem 
For a positive integer n, we fix a Riemann surface 

M2 = C\{gi,... 

where C := C U {oo} and gi, . . . , g„ are mutually distinct points. A pair (^f, a;) 
of a meromorphic function g and non-vanishing meromorphic 1-form on C is 
called Weierstrass data. By the Enneper-Weierstrass representation formula, 
the map defined by 

(2.1) X := Re f f {I - g^)u, f i{l + g^)u, f 2gu 

\Jzo Jzo Jzo 

is a branched minimal immersion on the universal covering on M^, where zq 
is a fixed point on M^. Any isolated degenerate point of the induced metric 

(2.2) ds^ = {1 + \g\y\uj\^ 

is corresponding to a branch point of the map. The branched minimal immer- 
sion X is single-valued on if and only if 

{Res{guj) G R, 
(j = l,...,n), 
Res(co') = —Res{g^u), 

where ReSz=g. is the residue at z = qj. Moreover, if ds'^ is a complete Rieman- 
nian metric on M^, then the map X is a complete minimal immersion on M 
with finite total curvature. Conversely, any complete conformal minimal im- 
mersion X : — >■ with finite total curvature is constructed in such manner 
from the following Weierstrass data: 

(2.5) u = dxi — idx2, 

where the function g is the stereographic projection of the Gauss map. 

In this section, we rewrite the condition (2.3) into purely algebraic ones. 
We remark that the second fundamental form of the minimal immersion x 
is expressed by —u ■ dg — u ■ dg and its (2, 0)-part u ■ dg is called the Hopf 
differential of the immersion x. The end qj is called a catenoid end if the end 
is asymptotic to a catenoid by a suitable homothety, that is, the Gauss map 
has no branch point at the each end qj and the Hopf differential lj ■ dg has a 
pole of order —2 at qj. The minimal immersion x is called an n-end catenoid 
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if all ends qi, ■ ■ ■ ,qn are catenoid ends. We also use a terminology branched n- 
end catenoid when the induced metric allows at most finite degenerate points. 
In particular, we call a branched n-end catenoid is evenly branched if all of its 
branch points are of even order. We regard non-branched n-end catenoids as 
special cases of evenly branched n-end catenoids. 
First we prepare the following lemma: 

Lemma 2.1. Letx: — > be a branched n-end catenoid. Then the degree 
of its Gauss map is at most n — 1 and by a suitable motion in R^, the Weier- 
strass data given by (2.4) and (2.5) are taken to be satisfying the following 

conditions: 

(i) oj has poles of order —2 on {gi, . . . , 

(ii) g has no poles and branch points on {^i, . . . , qn\. 

Moreover, x has no branch points if and only if the degree of the Gauss map 
is n — 1. 

Proof. By a suitable motion in R^, we may assume that g has no poles on 
{qi, ■ ■ ■ ,qn}- We apply the relation 

(2.6) J2 Ord,(a;)+ Yl Ord,(u;) = -x(C) = -2, 

zez(ui) zeS{u>) 

where Z{uj) and S{uj) arc the set of zeros and the set of poles respectively. The 
assumption of catenoid ends yields that the Hopf differential uj ■ dg has a pole 
of order —2 and dg has no zero at each end qj. So ui has exactly order —2 at 
each end q^. Therefore we have that 

(2.7) = -2«- 
By (2.6) and (2.7), we have 

(2.8) Y Ord^('^) = 2n - 2. 

On the other hand, since g has no pole at each end, any pole of g must be 
a zero of a; by (2.2). In particular, the inequality 

(2.9) Ord^(a;) > -2 0rd^(^) {z E Z{oj)). 
holds. Since the degree deg(5') of Gauss map is given by 

deg{g) = - Y ^^Mg), 

zeS{g) 

we have 

(2.10) Y Ord,(u;)>2deg(5). 

zez{u}) 

By (2.8) and (2.10), we get 

(2.11) deg{g)<n-l. 
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Here, x has no branch points if and only if (2.9) is an equahty, and hence the 
equahty of (2.11) holds if and only if x has no branch points. □ 

Lemma 2.2. Let = C \ {qi, . . . Let g be a meromorphic function 

anduj a meromorphic 1-form on C satisfying the conditions (i) and (ii) of the 
Lemma Set pj := g{qj). Assume qj ^ oo and pj oo {j = 1, ... ,n) . 
Then the symmetric tensor 

(2.2) ds^ = {1 + \gmuj\^ 

is a complete Riemannian metric on if and only if there exist two polyno- 
mials 



(2.12) Q{z)=T.bjIli^-qk), 

j=l k=l 

n n 

(2.13) Pi^) = EPjbjEiz-qk) 

{bi, ... ,bn & C) satisfying the following properties: 

(i) Max{deg(P), deg(Q)} = n - 1. 

(ii) P{z) and Q{z) are irreducible. 

(iii) g{z) = P{z)/Q{z) and u{z) = -{E"=i hj/{z - q,)Ydz. 

Proof. We suppose that ds'^ is a complete Riemannian metric on M^. Since 
ds^ is positive definite on M^, we have from (2.2) that the inequality (2.9) 
turns to be an equality 

(2.14) Oid^ = -2 Ord,((7) {z G Z{uj) ). 

By the same argument in the proof of the previous lemma, we have 

(2.15) deg(c/) = n-l. 

Since uj has only poles of order —2, poles and zeros of uj are all even order. 
Thus ^/uJ is defined as a meromorphic section of the half canonical line bundle 
and has poles of order —1 on P{oo). Since uo has no pole at infinity, there exist 
complex numbers 6i, . . . , 6„ G C such that 

Now we set 

n 

(2.16) R{z):=X{{z-q,), 

n 

(2.17) R,{z) :=n(^-gfc). 



Then we have uj = — (j2^=ibjRj{z)^ /R{zY. Hence, by (2.14), g can be 
written as 

where P{z) is a polynomial of order n — 1. Clearly, Q{z) defined by (2.12) 
satisfies Q{z) — YIj=ihjRj{z). Moreover, we have (2.13) since g{qj) — pj. By 
(2.15), P{z) and Q{z) are irreducible and Max{deg(P), deg((5)} — n — 1. On 
the other hand, the symmetric tensor ds'^ induced from such two polynomials 
P{z) and Q{z) by (2.2) is obviously a complete Riemannian metric on M^. □ 

The following proposition reduces the conditions (2.12) and (2.13) to a 
purely algebraic condition, which plays essential roles in this paper: 



Proposition 2.3. Let n > 2 be an integer and qi, ■ ■ ■ , g„, pi, . . . ,Pn, • • • , &n 
complex numbers. Set g{z) := P{z)/Q{z) andu}{z) := —{J2]=ibj/{z — qj)}'^dz, 
where P{z) and Q{z) are polynomials defined by (2.12) and (2.13) respectively. 
Then the branched minimal immersion 



X 



= Re ( Hi - g^)u, r t{l + g')u, f 2gu\ 

\Jzo Jzo Jzo J 



is single-valued on the Riemann surface — C \ {qi, . . . , g„} if and only if 
the following conditions hold: 



(2.18) 



, , Pj-Pk ^ 

bjZ^bk— e R 

k=l 1j - Ik 

k=i Qj - Qk 



(j = 1,... ,n). 



Proof. By (2.12) and (2.13), one can easily get the following identities 

bk 



Res (a;) 

z=qj 



Res(^a;) 

z—qj 



Res(£? u) 

z—qj 



^ S Qj - Qk 

-bjl^bk- , 

fc=i Qj - Qk 



k^j 



Pk 



k=i Qj - Qk 

kltj 



Thus the conditions (2.3) can be rewritten as 
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(2.30 



If we set 



(2.19) 



n 



Pj + Pk 



G R 



-bjPj J2 



Pk 



n). 



fc=i Qj - Qk 



- Qk 
Pk 



n), 



fc=i Qj - Qk 



then (2.3) is equivalent to the following condition: 



(2.20) 



Bj E R 







n). 



It can be easily seen that (2.20) implies that PjAj and Bj are both real 
numbers. Hence (2.20) reduces to the following condition: 



(2.21) 



Bj e R 



. = 

which is equivalent to the desired condition (2.18). □ 



(j = 1,... ,n), 



Next we consider the flux formula on n-end catenoid. We fix a Riemann 
surface 

M2 = C\{gi,... 

where qi, . . . ,qn are mutually distinct points. Let x: —>■ R'^ be a branched 
n-end catenoid. Then the flux vector at an end qj is defined by 



(2.22) 



•fids. 



7j 



where is a circle surrounding qj from the left, and n the conormal such that 
[jjjn) is positively oriented. The flux vector is independent of choice of a 
circle 7^. Each flux vector (fj is proportional to the limit normal vector i^iqj) 
with respect to the end qj, and the real number aj := ipj/iTTu^qj) is called the 
weight of the end qj. One can easily verify that the Hopf differential uj ■ dg has 
the following Laurent expansion at each end qj: 



(2.23) 



u ■ dg 



{z - qjf 



+ ■ 



dz' 



where aj is the weight at the end qj. By Lemma |2T1| , we may assume that g has 
no poles and uj has poles of order — 2 on {gi, . . . , Then, by Lemma 



there exist complex numbers Pi, ■ ■ ■ ,Pn and 61, . . . ,bn such that 
g{z) = P{z)/Q{z) and uj{z) = —{J2]=ibj/{z — qj)}'^dz, where P{z) and Q{z) 
are polynomials defined by (2.12) and (2.13) respectively. Then, by (2.23), we 
have the identities 



(2.24) 



fc=i 



Pj - Pk 

Qj - Qk 



,n). 



We remark that the reality of aj follows from the conditions (2.18) and (2.24). 
Since the limit normal vector z/(gj) with respect to the end qj is expressed by 



'2Re{p,) 2Im(p,) \pj 



\Pj\^ + v + 1' b,f + 1, 



as the inverse stereographic image of pj, the fiux formula stated in the intro- 
duction is rewritten as 



(2.25) 



0, 



Pj 



0. 



As an application of Lemmas p.l|, |2.2| and Proposition |2.3|, we have the 



following reduction theorem for the inverse problem of the fiux formula: 

Theorem 2.4. Let n > 2 be an integer, qi, . . . , qn,Pi, ■ ■ ■ ,Pn, bi, . . . ,bn com- 
plex numbers, andai,... ,an real numbers. Set g{z) := P{z)/Q{z) anduj{z) := 
—{Yl]=ibj/{z—qj)}^dz, where P{z) andQ{z) are polynomials defined by (2.12) 
and (2.13) respectively. Then the map 

Re (Til- g')oo, r t{l + g')uj, f 2guo 



X 



is an evenly branched n-end catenoid defined on 
has the flux vector 



C \ {gi, 
2Re{pj) 2lm{pj) |pjf-l\ 



, g„} and 



,b,f + 1' b,f + 1' \Pj\^ + i, 

at each end qj if and only if the following condition holds: 



(2.26) 



fc=i Qk — Qj 



n 



, , PjPk + 1 „ 



(j 



Qk - qj 



Moreover, suppose Max{deg(P), deg((5)} = n — 1, and P{z) and Q{z) are 
irreducible. Thenx has no branch points and is an n-end catenoid. Conversely, 
any evenly branched n-end catenoid is constructed in such manner. 



Proof. We set real numbers Aj and Bj by (2.19). Then, (2.26) is rewritten as 



U = 1, 



Hence the first assertion follows immediately from (2.21) and (2.24). Con- 
versely, we fix an evenly branched n-end catenoid with Weierstrass data {g, u). 
Then the order of u is even everywhere. Thus y/uj is defined as a mero- 
morphic section of the half canonical bundle. By the same argument of 
the proof of Lemma |2.2| , we have the expression g{z) := P{z)/Q{z) and 
Lj{z) := —{jyj=ibj/{z — qj)}'^dz, where P{z) and Q{z) are polynomials de- 
fined by (2.12) and (2.13) respectively. This proves the second assertion. □ 



Remark 2.5. The Weierstrass data of any evenly branched n-end catenoid have 
the form as in Proposition p.3| . Therefore, it is branched if and only if the 
resultant of P{z) and Q{z) does not vanish. This algebraic equation is expected 
to have zeros of codimension 1. Indeed it is true in the case n = 4 as we will 
see in Section ^. 



Remark 2.6. When qj = rpj [j 



n), Theorem 2.4 reduces to the results 



in the first author ||Kat|| . In this case, the system (2.26) reduces to 



1 



r 



Pk - Pj 



(j = 1,... ,n). 



Moreover, the surface has no branch points if and only if I]j=i ^ 0- Many 
known and new examples of n-end catenoids can be constructed from this 
formula, and also from our formula (2.26) (cf. ||KUY2|| ). 



Remark 2.7. When pn Pj (j = 1, . . . ,n — 1), we may assume p„. = Qn = 
oo without loss of generality. Under this assumption, since pj 7^ oo (j = 
1, . . . , n — 1) holds automatically, it is easy to see that the equation (2.26) can 
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be rewritten as the following version: 

/n-l 



(2.27) 



k=i Qk - Qj 



(j = 1,... ,n-l), 



n-l 



k=l 
n-l 



(j = 1,... ,n- 1), 



fc=i Qk - Qj 

n-l 

- bn^Pkhk = 0. 

k=l 

In this situation, the polynomials P{z), Q{z) and R{z) are replaced naturally 
as follows: 

n— 1 n— 1 n— 1 

^(^) = n Pi^i n - - n - ^fc)' 



fc=i 



A;=l 



n— 1 n— 1 



R{z) 



1=1 k=l 

n-l 
k=l 



By easy calculation, we get the following 

Corollary 2.8. The assertion of Theorem B]^ holds even if we replace the 
condition (2.26) hy the following condition: 



(2.28) 



fc=i Qj-Qk bil +1 



k^i 



h^h Pj+Pk \Pj\ - 1 



(j = 1,... ,n). 



fc=i 5'i - Qk 

k^j 



Remark 2.9. Summing up the equations (2.28) for j = 1, . . . , ra, we get the 
flux formula (2.25) for any evenly branched n-end catenoids. However, the 
flux formula itself is still valid for minimal syrfaces with branch points of odd 
order. In fact, by straightforward calculation, the fiux vector defined by (2.22) 
is written as 

ipj = -lm[f il-g^)ujJ i{l + g^)uJ 2guA . 
The flux formula is obvious from the point of view. 
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3. 4-END CATENOIDS OF GENERIC TYPE 



Let x: C \ {gi, . . . be an n-end catenoid, and set Vj := jy{qj) 

{j = 1, . . . ,n), where is the Gauss map. Then, as we saw in the previous 
sections, a family v = {vi, . . . , f„} of n unit vectors in must satisfy the 
following condition. 



(F.n) 



J2 (^i'^j 



for some nonzero real numbers ai. 



Now, we classify arrangements ofv = {vi, . . . , Vn} to the following three types: 



TYPE I : v = {vi, 
TYPE U : v = {vi, 
TYPE III : v = {vi, 



,Vn} satisfies (F.n) and dim(fi, . . . ,t>„) = 1. 
,Vn} satisfies (F.n) and dim(wi, . . . ,Vn) = 2. 
,Vn} satisfies (F.n) and dim(fi, . . . ,t>„) = 3. 



We call a (branched) n-end catenoid is of TYPE I (resp. II, III), if v is of 
TYPE I (resp. II, III). 



The following facts are already known (e.g. 0], [|Ba[j , [jL2| , [ [Katjj ) 



(1) There are no 1-end catenoids. 

(2) Any 2-end catenoid is the catenoid. Of course, it is of TYPE I. 

(3) There are no 3-end catenoids of TYPE L Consequently, any 3-end 
catenoid is of TYPE II. More precisely, for any unit vectors vi,V2, f 3 of 
TYPE II and nonzero real numbers ai, 02, 03 satisfying J2^=i C'j'^j = 0, 
there exists an essentially unique 3-end catenoid x: C\{gi, q2, qs} R^ 
which satisfies I'^qj) = Vj and the weight w{qj) = Oj (j = 1, 2, 3). 

From these results, the moduli of at most 3-end catenoids is understood com- 
pletely. 

In this section, we restrict our attention to 4-end catenoids of TYPE III 
that is a generic type. In particular, we give some upper estimates for the 
numbers Nc{v,a) of congruent classes of 4-end catenoids with given {v,a), 
and a method to construct these surfaces. 



First we recall that if there is a 4-end catenoid x: C \ {q'l, q'2, ?3, Q'4} — > R^ 
such that i^{qj) = vj and w{qj) = aj (j = 1,2,3,4), then, by (2.26), there are 
nonzero complex numbers 61, 62, &3, &4 satisfying 



A 
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with 



/ 



(3.1) 



A :-- 





P2P1 + 1 

qi - q2 
PsPi + 1 

qi - qs 

P4P1 + 1 



P1P2 + I ]3lP3 + l PlP4 + l\ 



?2 - qi 


P3P2 + 1 

q2 - qs 

PiP2 + 1 



_?3 - gi 
P2P3 + 1 

?3 - q2 


P4P3 + 1 



\qi-qA ?2 - ?4 ?3 - ?4 



?4 - ?1 
P2P4 + 1 

qA - q2 
PsPa + 1 

q4 - qs 




where pj :— (j{vj) {j — 1, 2, 3, 4) and cr : 5"^ — > C is the stereographic projection 
from the north pole, that is, they satisfy the following identity: 



1 



(j = 1,... ,n). 



Clearly, it holds that det74 = 0. 

To get upper estimates for Nc{v,a), wc discuss the rank of the matrix A. 
We remark that rank A is invariant under both the conformal actions of the 
domain and the rigid motions in R^. 

When we consider v of TYPE III, we may assume p4 — q4 — 00 without loss 
of generahty, and we can use the formula (2.27) in place of (2.26). Under this 
assumption, the matrix A is given by 



(3.10 



A^ 







P1P2 + 1 P1P3 + 1 - \ 



P2P1 



qi - q2 

PsPi + 1 

qi - ?3 
\ -Pi 



q2-qi 


P3P2 + 1 

?2 - gs 

-P2 



p - 
P2P3 



qi 



1 



qs - q2 


-P3 



Pi 

P2 
P3 

0/ 



Lemma 3.1. Let v = {vi,V2,V3,V4} be unit vectors of TYPE III. Then the 
number Ng{v) of solutions q — {qi, 52, ?3, ^4} of the equation detA — is at 
most 4 up to Mobius transformations. 

Proof. Set Pj :— cr(fj) as before. We may assume p^ — q^ — 00 without loss of 
generality, and it follows from direct computation that 

det^ = |pin^^p3 + iiv + --- 

(?i-?2)^(?2-g3)^(g3-?i)^ 

Since we assume v is of TYPE III, it is clear that |pip|p2P3 + lp 7^ 0. Therefore 
the number of gi satisfying detA = is at most 4 for any choice of q2, qs, 
namely Ng{v) < 4. □ 

Proposition 3.2. rank A — 3 if and only if v is of TYPE III. 
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Proof. When v is of TYPE III, we can easily see that 



det 





P3P2 + 1 
q2 - qs 

-P2 



P2P3 + 1 


P.] 






qs - q2 




_ P3P2 


-P2P3 





P3 


q2 


- q3 


-P3 









^0. 



Hence we have rank A = 3 for any qi,q2, q3 satisfying det A = 0. 

On the other hand, when v is of TYPE I or II, by the remark above, we may 
assume Pi,P2,P3,P4: are real numbers. In this case, since A is skew-symmetric, 
if det A = and A 0, then we have rank A = 2. 

Now, our assertion has been proved. □ 



Theorem 3.3. For any v = {vi, ^2, ^3, ^4} of TYPE III and a = {ai, a2, a^, 
04} satisfying J2^=iajVj = 0, Nc(v,a) < 4. Namely, the number of 4- end 
catenoids with the same {v, a) of TYPE III is at most 4. 

Proof. From the proof of the proposition above, dim Ker A = 1 for any gi, q2, q^ 
satisfying det A = 0. Note that 62, ^s, ^4) ^ Ker A — {0}. Moreover, 
(61, 62, ^3, ^4) satisfies 64(61 + 62 + 63) = 04 also. Hence, if {pi, 62, 63, 64) = 
^2) ^3, /?4) is a solution , then the other solution is (61,62,63,64) = —{Pi, /32, 
P3, P4) and both of these solutions give the same Weierstrass data. Therefore, 
it is clear that, for any qi,q2,q3 chosen above, the number of 4-end catenoids 
is at most 1. Now we get the estimate Nc{v, a) < Ng{v) x 1 < 4. □ 



Corollary 3.4. Any A-end catenoid of TYPE III is isolated in the sense of 
Rosenberg ||Rose|| . 



Proof. Since Nc{v,a) is finite and any deformation moving flux is not an e- 
C^-variation, our assertion is clear. □ 



By solving the equation (2.27) with n = 4, g2 = P2 and qs = ps directly, we 
get the following method to construct 4-end catenoids of TYPE HI. 
For given {v, a), set pj := o'{vj) {j = 1, 2, 3, 4) as before, and set 



A{t) 





P2P1 + 1 



P1P2 + 1 P1P3 + 1 - \ 
Pi * 



P2 - t 





_P3 - t 
P2P3 + 1 



J-P2_^ _ ^ P3-P2 

PsPl + 1 PsP2 + 1 Q 



t-P3 
-Pl 



P2 -P3 
-P2 



-P3 



P2 
P3 
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(Remark that A{qi) = A 



q2=P2,q3=P3J 1 



<^{t) := (p2 - PsTit - p2)\t - psY dct A{t) 



det 



-(piP2 + l)(t-p3) -(piP3 + l)(t-P2) Pl(t-P2)(t-P3) 

(P2P1+1)(P2-P3) -(P2P3 + l)(t-p2) p2{P2-P3){t-p2) 

(P3P1+1){P2-P3) (P3P2+l)(t-P3) P3(P2-P3)(t-P3) 

-Pl -P2 -P3 

2.4 



and 



\pi\\p2P3 + l\r + 



Bl{t) := (P3P2 - P2P3){P2 - P3){t - P2){t ~ Ps) . 



If dct A(t) = and Bi{t) 7^ 0, then Ker^(t) is generated by \Bi{t), B2{t), 
Bs{t), B^{t)), where 



fB2{t)\ 
B3{t) :-- 
B,{t)) 



\P2Pl + ^){P2 - P3){t - P3) 
^ I {P3Pl + 1){P2 - P3){t - P2) 
-Pl{t - P2){t - P3) 



A' :-- 



(-\P3?{.P2- P3) P2P3{P2-P3) PsfePs + 1)(P2 -Ps) 
P3P2 {P2 -P3) -\P2? {P2 - P3) -P2 {P3P2 + 1 ) - 



VP3(P3P2 + 1) -P2(P2P3 + 1) 



■\P2P3 



(The matrix A' is column-equivalent to the inverse of the 3x3 submatrix 
which results by deleting the first row and column of the matrix A{t).) 

Note that -Bi(q'i) 7^ holds for any solution qi of the equation $(t) = 0. 
Indeed, if Si(g'i) = 0, then we have 



(P3P2 - P2P3) (P2 - Pa) {qi - P2) {qi - Pa) 
However, since we assume v is of TYPE III, 



0. 



'^(P2) = IPal |PlP2 + l| (P2-P3)V0 



$(Pa) = IP2I |piPa + lr(P2-Pa)V0, 

namely qi ^ P2,P3- Hence the equality above does not happen. Assume 
11^=2 -Sfc(9i) 7^ and J2'j=i Bj{qi) 7^ 0. Then, by straightforward calculation, 
we see that the solutions of the equation (2.27) with n = 4, ^2 = P2 and q^ = p^ 
are given by 

' Q'l : a solution of the equation $(i) =0, 
92:=P2, ?a:=Pa, ^4 := 00, 



h := (±)Si(gi; 



04 



\B,{q,)EUBj{qiy 
(j = 2,3,4). 
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If qi satisfies 11^=2 = or I]|=i-Bj(gi) = 0, tfien there are no solution 
(q, b) of the equation (2.27) with such qi, since we assume aj {j — 1, 2, 3, 4). 
Set 

P(z) := piB^it) {z - P2) (z - Pa) + P2B2{t) (z -t)(z- pg) 

+ PsBs{t){z -t){z- P2) - B^{t){z -t){z- p2){z - ps), 
Q{z) := Bi{t){z - p2){z - ps) + B2{t){z - t){z - p^) + Bs{t){z - t){z-p2), 

R{Z) ■.= {z-t){z-p2){z-p3). 

Note here that 

Bi{qi) 



P z) 



R{z) 



Bi{qi 



\t=qi 



\t=qi 



h 

R{z) 



-P z) 



I92=P2,«3=P3' 



\q2=P2,q3=P3i 



\q2=P2,q3=P3- 



Then it is easy to see that the (g, b) above gives the following Weierstrass 
data of a 4-end catenoid realizing (v, a): 



(3.2) g{z) = 



P{z) 



Qiz) 



UJ — 



a4 



t=qi 



dz. 



t=qi, 



Let \E'(t) be the resultant of P{z) and Q{z). The surface given by the data 
above has no branch points if and only if qi satisfies ^(gi) 7^ 0. 

We can construct all of the 4-end catenoids of TYPE III by this algorithm. 

Now, we observe a typical 

Example 3.5. Let ^3 be a primitive root of the equation z^ = 1. For special 
values pi = l/-\/2, P2 — C^/V^ and pa — by direct computation, we 

have 



Blit) 



2V2 



B2{t) 

Bsit) 

B4{t) 



V2^ ■ 2^ 

4C3 + 1 
V2 



t-Cs], 



3C3 (^2_K. 



1 + 1 



4^2 



V2 



V2 



t + 2 



t-C: 



3 ' 
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For one solution l/\/2 of the equation = 0, we have 



27 , 

7^0, 



V2J AV2 
9 

17 

4^2 



27 



2^2' 

from which it follows that $(l/-\/2) 7^ 0. Now, (3.2) with these data gives an 
Enneper-Weierstrass representation of a tetrahedrally symmetric 4-end cate- 
noid. 

On the other hand, for the other solution —V2, we have 
B,i-V2) = ^-^ (J = 1,2,3,4), 

i=i 



27 / 1 

Q(^)lt=-V2 = -^ U + 



AV2 \ V2 2 2V2, 
72)' 



from which it follows that $(— -\/2) 7^ 0. Now, the data 

2 



UJ= - 

t=qi 



Q{z) 



R{z) 



dz. 



gives an Enneper-Weierstrass representation of a complete minimal surface 
with 4 fiat ends. It is easy to see that this surface is also tetrahedrally sym- 
metric (cf. [[Br| ). 

From this consideration, it is clear that the tetrahedrally symmetric 4-end 
catenoid is unique up to homothety. 

Now we will prove our second main theorem in Section 0. Note here that 
$(t), -Bj(t) (j = 1,2,3,4) and \E'(t) are polynomials of t whose coefficients are 
also polynomials of pi, p2, Ps, Pi, Vi and ps. 
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Theorem 3.6. For almost all pair {v,a) of unit vectors v = {f i, f2, fs, f4} 

in and nonzero real numbers a = {ai, 02, 03, 04} satisfying J2'j=i o.jVj = 0, 

there is a 4-end catenoid x: C\ {qi, q2, qs, q4} — ^ such that I'iqj) = Vj and 
the weight w{qj) = aj (j = 1, 2, 3, 4). 

Proof. Set pj := <j{vj) and assume ^4 = ^4 = 00 as before. Then v is of TYPE 
III if and only if 

D := ip2P3 - P2p3){p3Pl - P3Pl){PlP2 - P1P2) X {(^1^ - l){p2P3 - P2P3) 
+ (|p2|^ - l)(P3Pl -P3Pl) + (bsl^ - l)(^lP2 -P1P2)} 

{D can be obtained from the multiplication of the 3x3 minor determinants 
of the 3x4 matrix (t>i, t>2, fa, ^4), where = *(0,0, 1)). In this case, what 
we have only to do is to show the existence of a solution qi of the equation 
= satisfying UL2M(li) 7^ 0, E%iBj{qi) and ^(gi) ^ 0. Let 
n{t) be the remainder upon division of (^(t) Ul=2 Bk{t) E?=i Bj{t)Y by <^{t). 
Clearly, VL{t) ^ if and only if there exists at least one solution qi of the 
equation = satisfying nL2 Bk{qi) ^ 0, Y.]=i Bj{qi) ^ and ^(gi) ^ 0. 

Now, since there exists the tetrahedrally symmetric 4-end catenoid, it is 
clear that at least one coefficient VLq of Vt{t) does not vanish for special values 
Pi = 1/a/2, P2 = (3/ cind = Cl/v^ (see Example p.5| ). Remark here that 
each coefficient of Q(t) is a rational function of Pi,P2,P3,Pi,P2,P3, i-e. it is real 
analytic. Hence, we see that fl(t) ^ for almost all Pi,P2,P3- Now we have 
proved that, for any pi,p2,P3,P4(= 00) satisfying (l]o^)(Pi,P2,P3,Pi,P2,P3) 7^ 
and a = {01,02,03,04} such that Y^j=iaja~^{pj) = 0, there is at least one 

4-end catenoid x: C \ {qi,q2,Q3,Q4:} R-^ such that iy{qj) = a^^{pj) and 
w{qj) = aj. □ 

We know that we cannot remove "almost". Indeed, there are additional 
obstructions for the existence of 4- (or n-)end catenoids. We will consider these 
in the following section. 

Before concluding this section, let us observe a significant example which 
includes a deformation from the Jorge-Meeks 4-noid to the tetrahedrally sym- 
metric 4-end catenoid. Moreover, we will remark there that the symmetry of 
the flux data of an 4-end catenoid does not always imply the symmetry of the 
surface. 

Example 3.7. We will now try to construct a 4-end catenoid with the follow- 
ing data; 

^2 2^ I Pi = P, P2 = -P, P3 = P'^i, Pa = -P'^h 

1 Oi = 02 = O3 = O4 = 1, 
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where p is a positive real number. The corresponding flux data {v, a) is in- 
variant under the action of the group 





-1 





\ 


( ° 


1 




/ 


-1 














-1 










i) 







1 




) C 0(3) 


V 










VO 







\ 













We may put 



Q2 = -q, qs^q 



?4 = 



-q ^i, 



for a nonzero complex number q {q^ —I) without loss of generality, and the 
determinant of the matrix A in (3.1) is computed as 



detA 



r 2g(g2 



q^ + 1 



2p 



I q^ + l 



2p 



Thus det ^ = if and only if one of the following four equations is satisfied: 



(3.4±) 
(3.5±) 



Hq' + 1) 



± 



/-I 



2p ' 

— ± — z 1- 



?4 + 1 2p 

Note here that g = a is a solution of (3.4+) if and only if g = —a (resp. 
q = ±a~^i) is a solution of (3.4_) (resp. (3.5-|-)), and that the corresponding 
solutions {q, b) of (2.26) give the Weierstrass data of the surfaces congruent 
to each other. Therefore we may only consider (3.4+). It is easy to see that 
the equation (3.4+) has a real solution q if and only if c"^ < p < c, where 
c:= {V6 + V2)/2. 

Let g be a solution of the equation (3.4+). Now, since our data (3.3) is of 
TYPE 111, rankA must be 3 (except for the case p = 1). It is clear that the 
nonzero vector *(g, q,p,p) &KerA, and hence it spans KerA. Therefore we can 
set 

6i = 62 = rq, 63 = 64 = rp, 

and, by (2.26), we get 

+ 1 

?W + l) + 2g(pV + l)}' 

by these data, whose 



Define a surface Xq-. C \ {q, —q, q ^i, —q ^i} 
Weierstrass data is given by 



(3.6) 
(3.7) 



{pq^ - q ^)z^ + {p + q) 



z{{p + q)z^ 
2z{{p + q)z'^ 



(j)q2 
{pq^ 



[z^ — q'^){z'^ + q 



dz. 
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Then X q IS 9j branched conformal minimal immersion such that 




gi-l) = -P, gil H)=p ^i, g{-q ^i) = -p 
- w{—q) = w{q^^i) = w{—q^^i) = 1 



±1 



2 



except for the case when q = —c (i.e. r = oo). It is easy to see that 

(i) Xq is branched if and only if g = — 1 (p = 1); 

(ii) The normalized surface Xq defined by the same g as Xq and uj := uj/r 
has 4 flat ends (i.e. aj = for any j) if and only if g = — c^^ and 

p = c^^. 

(iii) In the other cases, Xq is a non-branched 4-end catenoid. In particular, 
when <p<c, any solution q of (3.4+) is real, and Xq has the same 
symmetry as its flux data (3.3). On the other hand, when < p < 

or c < p, any solution q of (3.4+) can take neither a real nor a purely 
imaginary value, and the isometry group of Xq is Z2 x Z2 which is smaller 
than that of its flux data (3.3). 

In particular, 

(iv) Xi is the Jorge-Meeks 4-noid; 

(v) Xc is the tetrahedrally symmetric 4-end catenoid. 

By (iii), (iv) and (v), we see that the family {xq, 1 < g < c} gives a defor- 
mation from the Jorge-Meeks 4-noid to the tetrahedrally symmetric one. In 
other words, the Jorge-Meeks 4-noid and the tetrahedrally symmetric one are 
included in the same connected component of the moduli of 4-end catenoids. 

Furthermore, we can check that, for any real number p such that 1 < p < c, 
there are four real numbers q'^^\ q^'^\ q'^^^ and g*^^^ satisfying 

g« > g(^) > 1 > > g(^)(= > q^'\= > -1 

and (3.4+) with g = q^^^ {i = 1,2,3,4). Hence there are four 4-end catenoids 
Xq(i), Xq(2), Xq(3) and Xq(4) whlch have the same flux data. It can be easily ob- 
served that these four surfaces are not congruent to each other. This concludes 



that our estimate Nc{v, a) < 4 in Theorem ^]3| is sharp. 

These situations are demonstrated in Figure |3.1| . Figure |3.2| shows the image 
of Xq for various values of g with the same flux. 

4. 4-END CATENOIDS OF SPECIAL TYPE AND ADDITIONAL OBSTRUCTIONS 

In this section, we consider the cases of TYPEs I and II. First, we will prove 



that the same assertions as in Theorem p.3| and Corollary |3.4| hold also in the 
case of TYPE II. 



Let Nc{v,a), Nq{v) and A be as in the previous section (see Lemma |3Tl 
etc.). 

Lemma 4.1. Let v = {vi,V2,V2,,Vi} be a family of unit vectors of TYPE II. 
Then Nq{v) < 2. 
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Figure 3.1. Example^. 



Proof. Set pj-. = <j{vj) {j = 1,2,3,4) as before, where a is the stereographic 
projection. We may assume Pi,P2,P3,Pa are real numbers without loss of gen- 
erality. Set Pjk '■= PjPk + 1 for convenience. It follows from direct computation 
that 



detA 



Pl2PU PnP2i , PUP23 



{qi - (I2) (gs - qi) {qi - qs) {q2 - q^) (gi - 94) {q2 - gs) , 



We may also assume qi = —q2 7^ 0, ±1 and qs = —q^ = I without loss of 
generality, and we have 



detA 



qi^iiiqi + qi 



4(gi-l)2(gi + l)2' 
where 

= Pl2P2.4f + 4(pi3P24 - Pl4P23)t + 8(^13^24 + P14P23) " 4^12^34- 

Since we assume v is of TYPE II, it is clear that at least one of the coefficients 
of does not vanish. Therefore the number of gi + gf^ satisfying detA = 

is at most 2. Since C \ {±gi, ±1} and C \ {±gf ^, ±1} are conformal to each 
other by a Mobius transformation, we get Nq{v) < 2. □ 



Theorem 4.2. For any v = {vi, V2, V3, v^} of TYPE II and a = {ai, 02, 03, 04} 
satisfying J2'j=i (^jVj = 0, Nc{v, a) < 4. Namely, the number ofi-end catenoids 
with the same {v, a) of TYPE II is at most 4. 



Proof. From the proof of Proposition |3.2|, dimKer A = 2 for any qi,q2,q3,qA 



satisfying det A = 0. Note that 62, ^3, ^4) ^ Ker A — {0}. We may assume 
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(a) p= 1.2, 1.0976 



(b) }3= 1.2, 10.815 



(c) p = 1.2, q « -0.91078 (d) p = 1.2, q « -0.09246 

Figure 3.2. Non-congruent four surfaces with the same flux. 



Pi2P34(pi — P2){P3 — P4) 7^ without loss of generality. By putting qi 
and qs — —q^ — 1 into (2.26), we have 



(4.1) 



63 = — 

P34 



64 = 



Oi H 7O2 



gi + 1 

Pl3 



P34 V ?i 



gi-i 
-hi H -&2 



(4.2) 



Vl - P4 



&1 



P2-P3, P4-P3, 
Oo O4 

91 + 1 2 ^ 

P2 -P4 



91-1 
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, , P3-P4 ^ 

02 H 7^ — 03 



03 



= 04. 



Putting (4.1) into (4.2), we get 



(4.3) 



pI 



as 



Pujpi - Pi) 
{qi + l)(gi - 1) 



P2i{Pl - Pi) , Pu{P2 ~ Pi) 



(91 - 1)^ 



pI 



a4 



Pisjpi-P?,) ,2 
(gi + l)(gi - 1) 1 



(<?i + lY 

P2i{P2-PA) 

(gi + l)(gi-l) ■ 

Pl3(P2 -Pa) P23(Pl ~Pz) 
(?1-1)2 (91 + 1)2 

P2-i{P2-P3) ,2 

(gi + l)(gi - 1) \ 



6162 

^§4 



6162 

^§4 



If this equation has more than 4 solutions (61,62) such that 6162 7^ 0, then it 
holds that 



pI 



as 



pI + 1 



as 



(gi + l)(gi-l) 

^24(^2-^4) 
(gi + l)(gi-l) 



04 



p1 



04 



Pl3(Pl -P3) 

(gi + l)(gi-l) 

P23(P2 -P3) 

(gi + l)(gi-l) 



namely 



Hence 



= det 



^^13(^1-^3) Pu{pi-Pi)^ 

yP2s{.P2-ps) P2A{,P2-Pi), 



^PisiPi-Ps) PuiPi-Pi)' 

yP2s{P2-ps) P2i{p2-P4), 



pI + 1 
VpITT/ 



^0^ 
0, 



P\2Psa{Pi -P2){Ps-Pi)- 



This contradicts our assumption. Therefore, the equation (4.3) has at most 
4 solutions (61,62) such that 6162 7^ 0. Note that if (61,62) = (/3i,/32) is a 
solution, then (61, 62) = — (A, /52) is also a solution and both of these solutions 
give the same Weierstrass data. Therefore it is clear that, for any conformal 
class chosen above, the number of 4-end catenoids realizing the given {v, a) is 
at most 2. Now we get the estimate Nc{v, a) < Nq{v) x 2 < 4. □ 



Corollary 4.3. Any A-end catenoid of TYPE II is isolated in the sense of 
Rosenberg ||Kose| . 



Proof. By the same reason as in the proof of Corollary |3]^, our assertion is 
clear. □ 



Remark 4.4. In Lemma |4]l|, Nq{v) < 1 if one of the following condition holds: 

(1) pjk = 0, i.e. —Vj = Vk for some j 7^ k; 

(2) D := Pl2^P34^ + Pl3^P24^ + Pl4^P23^ " 2(^13^24^14^23 + ^12^34^14^23 + 

P12P34P13P24) = 0. 
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Indeed, it holds that 

4(pi3P24 -Pl4P23)(9l 



^Iliqi + Qi 



{pi2P34{qi 
{pi2P34iqi 
{pi2P34{qi 



9l 



9i ) 



8(pi3P24 +P14P23) 
(91 - I? 



2^12^34} 



-qi^) + 4pi3P24 - 2^12^34} 
-qi^) + 2pi3P24 - 2P14P23}' 



qi 

{qi + I? 



if P12P34 = 

if P13P24 = 
if P14P23 = 

if D = 0. 



P12P34 

or (2) holds, then we get 



Therefore, by the proof of Theorem [4.2| , if either (1) 
the estimate Nc{v, a) < Ng{v) x 2 < 2. 

Moreover, we can find an additional obstruction for the existence of 4-end 
catenoids of TYPE II. 

Theorem 4.5. There are no 4-end catenoids x: C \ {qi, q2, Qs, q^} — ^ R'^ such 
that z/(gj) = Vj and w{qj) = aj (j = 1, 2, 3, 4) if —vi = V2 and f 3 = f 4 7^ ±t>i. 

Proof. Set Pj := cr(t>j) as before. When our assumption holds, we may assume 
Pi,P2,P3,Pi are nonzero real numbers satisfying piP2 + 1 = and Pz = Pi ^ 
Pi, —pi^ without loss of generality. Suppose there exists a 4-end catenoid 
x: C \ {qi, q2, qs, q^} such that i^{qj) = Vj and w{qj) = aj (j = 1, 2, 3, 4) 

for some nonzero real numbers ai, . . . , satisfying Oi = 02 and 03 + 04 = 0. 
Then it follows from direct computation that 



= det A 



[ {PiPs + -P3)(gi - g2)(g3 - 94) y 
\pi{Qi - Q3){q2 - 93) (gi - 54) - qi) J 



This contradicts our assumption p^ ^ pi, —pi ^ □ 

Next, we consider the case of TYPE I, namely, the case when all of the ends 
are parallel. In this case, there exist additional obstructions for an arbitrary 
n. For instance, since the degree of the Gauss map must be less than n for 
any n-end catenoid (see Section H), the flux data 



(4.4) 



Vl 



cannot be realized by any n-end catenoid. Moreover, the following obstructions 
can be also found by using (2.26). 



(4.5) 
(4.6) 



-Vl 



-Vl = V2 



-V2 
V, 



V3 = ■■■ = Vn 



The obstruction ([4.6|) follows from the compatibility condition in Perez ||Per 
Conversely, in the exceptional case of the obstruction (|4.6| ), we have the fol- 
lowing 



Lemma 4.6. Let v = {vi, . . . be a family of unit vectors in H^, and 
a = {oi, . . . , a„} a set of nonzero real numbers satisfying —Vi = V2 = ■ ■ ■ = Vn, 
ai = 



and Ep2 Efc 



0. Then there exists an n-end catenoid 
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x: C \ {qi, . . . , Qn} —>■ such that i^iqj) = Vj and w{qj) = aj (j = 1, . . . , n) 
if and only if there are complex numbers qi, ■ ■ ■ ,qn satisfying 

n 

(4.7) 5:-^ = (J = 2,...,n). 

fe=2 (Ik - Qj 

Proof. Set pj := crivj) as before. We may assume pi = qi = oo and P2 = ■ ■ ■ = 
Pn = without loss of generality. Suppose there exists an n-end catenoid 
X : C \ {gi, . . . , g„} such that i^{qj) = Vj and w{qj) = aj (j = 1, . . . ,n). 

Then, by (2.27) with the assumption pi = gi = cxd in place of Pn = qn = oo, it 
holds that 

bjbi = Oj, — = (j = 2, . 

k=2 Ik - Qj 

k^j 

Hence we have 



n n 

o = feiE^^ = E^^ (i- 

fc=2 - fc=2 Qk - Qj 



Conversely, suppose there are n complex numbers qi, ■ ■ ■ ,qn satisfying (4.7). 
Put 

and set, for any nonzero complex number t, 

(4.8) ^,(^):=__L_, ut:=-t{f{z)fdz. 

Then, for any t, the surface x*: C \ {gi, . . . ,gn} R'^ represented by these 
data is an n-end catenoid such that vi^qj) = Vj, w{qj) = Oj (j = 1, . . . ,n) and 
the induced metric 



(|t/P + l) 



2 



ds'f = ^' ' ' — —Idz]"^ 



is non-degenerate. □ 



By the proof of Lemma |4.6| , if there are n complex numbers gi, . . . , g„ sat- 
isfying (4.7), then there exists a 1-parameter family {xf, t G C \ {0}} of n-end 
catenoids with the same {v, a). However, when |t| = \t'\, Xt can be transformed 
to Xt' by a certain rotation around the xa-axis. On the other hand, in the case 
n > 2, when |t| ^ \t'\, clearly Xj and x^/ are not isometric to each other. Hence, 
the family {xf, t > 0} is a non-trivial deformation. 

Note that this deformation is an example of the deformation described 
in Lopez- Ros |LK |. It is clear that Xt is deformable in the sense of Rosen- 
berg |[Rose|| . 

By solving the equation (4.7) with n = 4 and 5, we have the following exam- 
ples which completes the classification of at most 5-end catenoids of parallel 
ends. Indeed, by virtue of the conditions (4.4), ( [4. 5] ) and (|4.6|), it is clear that 



25 



any n-end catenoid of TYPE I with n < 5 coincides with the (2-end) catenoid 
or one of the surfaces in Examples and 



Example 4.7. Let v = {f i, f2, fs, ^4} be a family of unit vectors in sat- 
isfying —vi = V2 = f 3 = Vi. For any set a = {01,02,03,04} of nonzero real 
numbers satisfying 01 = 02 + 03 + 04 and 02O3 + 02O4 + 03O4 = 0, there exist 
a unique 1-parameter family {xj: C \ {q'l, g'2, 93, 94} — R-^; t > 0} of 4-end 
catenoids such that i^{qj) = Vj and w{qj) = aj (j = 1,2,3,4). Indeed their 
representations are given by (4.8) with 

02 03 04 

03 

up to rigid motion in R'^. Figure [4.1| shows the image of Xt for various value 
of t, when 02 = —1 and 03 = 04 = 2. 



(a) t = 0.5 (b) t = 1 (c) i = 2 

Figure 4.1. Example O for 02 = -1 and 03 = 04 = 2 



Example 4.8. Let v = {f 1, f2, "^3, "^4, ^5} be a family of unit vectors in R^ 
satisfying —vi = V2 = V3 = = v^. For any set a = {01,02,03,04,05} of 
nonzero real numbers satisfying oi = 02 + 03 + 04 + 05 and 02O3 + 02O4 + 
02O5 + 03O4 + 03O5 + O4O5 = 0, there exist two 1-parameter families {xt^± : C \ 
{liy 12, 13,(14:, 15} R-^; t > 0} of 5-end catenoids such that i^{qj) = Vj and 
w{qj) = Oj (j = 1,2,3,4,5) . Indeed their representations are given by (4.8) 
with 

02 03 04 05 

f{z) :=— + + n r + T 

Z Z — 1 Q2 + Q5S6 O2 + O4C6 



z — 



02 + ^3 + O5 + O3 + O4 

up to rigid motion in R^, where (q is a primitive root of the equation z^ = 1, 
i.e. = (1 =t Remark here that Xt,+ and Xt- lie on the symmetric 

positions with respect to the XiX3-plane, and hence they are isometric with 
each other. 

We also have the following 
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Example 4.9. Let m be an integer greater than 1, and Cm a primitive root 



of the equation z"'' 

{00,0, l,Cm, ••• ,C 



= 1. For any positive number t, define the surface Xt- C\ 
^R^hj the data (4.8) with 



(m + 1)2"" + (m - 1) 
ziz"' - 1) 



Then {xt} is a 1-parameter family of Z^-invariant (m + 2)-end catenoids with 
the same fiux data. Therefore the estimate as in Theorems ^]3| and does 
not hold for n-end catenoids of TYPE 1 for any n > 4. 
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